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Nonnegative vectors and component-wise operations

Rn
+ = {x ∈ Rn : x1, . . . , xn ≥ 0}

Rn
++ = {x ∈ Rn : x1, . . . , xn > 0}

x � y ⇔ xi ≥ yi ∀i
x � y ⇔ xi > yi ∀i
x � y ⇔ x � y , x 6= y

xθ = (xθ1 , . . . , x
θ
n ) ∀θ ∈ R, x � 0
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Positive matrices

M ∈ Rm×n
++ ⇔ Mij > 0 ∀i , j

⇔ Mx � 0 ∀x � 0

⇔ Mx � My ∀x � y
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Linear Perron-Frobenius theorem

M ∈ Rn×n
++

Mx = λx , x � 0, ‖x‖ = 1 (?)

Theorem [Perron, Frobenius (1908)]

Exists unique solution (u, λ) to (?),

u � 0 and λ = ρ(M)

and ∀x (0) � 0, x (k) = Mx (k−1)

lim
k→∞

x (k)

‖x (k)‖
= u
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Computation: ‖M‖2,2, M ∈ Rm×n
++

‖M‖2,2 = max
x 6=0

‖Mx‖2
‖x‖2

≤ max
x 6=0

‖ |Mx | ‖2
‖ |x | ‖2

⇒ ∃ global maximizer u � 0

∇‖Mu‖2
‖u‖2

= 0 ⇔ M>Mu =
(‖Mu‖2
‖u‖2

)2
u

⇒ critical point ≡ eigenvector

Apply linear Perron-Frobenius theorem
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Application: ‖M‖2,2

M ∈ Rm×n
++

‖M‖2,2 = max
x 6=0

‖Mx‖2
‖x‖2

Corollary

Exists unique u � 0 s.t.

‖Mu‖2 = ‖M‖2,2, ‖u‖2 = 1

and

lim
k→∞

x (k)

‖x (k)‖2
= u, x (k) = M>Mx (k−1), x (0) � 0
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Hilbert projective metric

dH(x , y) = max
i ,j

ln

(
xi
yi

yj
xj

)
∀x , y � 0

({x � 0 | ‖x‖ = 1}, dH) complete metric space

f (x) = λx ⇔ dH(f (x), x) = 0

M ∈ Rn×n
++ ⇒ dH

(
Mx ,My

)
≤ dH(x , y) ∀x , y � 0



8

The Birkhoff-Hopf theorem

M ∈ Rm×n
++

Theorem [Birkhoff (1957)]

dH
(
Mx ,My

)
≤ κ(M) dH(x , y) ∀x , y � 0

with

κ(M) = tanh
(
1
4 ln(∆(M))

)
∆(M) = max

i ,j ,k,`

MijMk`

Mi`Mki

Corollary

M ∈ Rn×n
++

x (k) = M>Mx (k−1), x (0) � 0, ⇒ µ
( x (k)

‖x (k)‖2
, u
)
≤ κ(M>M)k c
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Convergence comparison

A ∈ R10×10
++

sin(∠(x (k), u)) ≤
(σ2
σ1

)2k
dH(x (k), u) ≤ κ(M>M)k c
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Hilbert metric and Birkhoff ratio

M ∈ Rn×n
++ , x , y � 0, θ ∈ R,

dH(x , y) = max
i ,j

ln

(
xi
yi

yj
xj

)

dH(xθ, yθ) = |θ| dH(x , y)

Lemma

dH
(

(Mx)θ , (My)θ
)
≤ |θ|κ(M) dH(x , y)
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Application: Sinkhorn-Knopp theorem

M ∈ Rn×n
++

Theorem [Sinkhorn, Knopp (1967)]

Exists unique solution to

u � 0, (Mu)−1 = λu, ‖u‖ = 1

and lim
k→∞

x(k)

‖x(k)‖ = u, with

x (0) � 0 x (k) = (Mx (k−1))−1, µ(x (k), x (0)) ≤ κ(M)k C

D = diag(λ1/2u) ⇒ DMD stochastic matrix
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Application: ‖M‖p,q
M ∈ Rm×n

++ , 1 < p, q <∞

‖M‖p,q = max
x 6=0

‖Mx‖q
‖x‖p

, τ = κ(M)κ(M>)q−1p−1 < 1

Theorem [G., Hein, Tudisco (2021)]

Exists unique u � 0 s.t.

‖Mu‖q = ‖M‖p,q, ‖u‖p = 1

and limk→∞
x(k)

‖x(k)‖p
= u with

x (0) � 0, x (k) =
(
M>(Mx (k−1))p−1

) 1
q−1 µ(x (k), x (0)) ≤ τk C
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Examples

1 < p, q <∞, ε > 0,

‖M‖p,q = max
x 6=0

‖Mx‖q
‖x‖p

, τ = κ(M)κ(M>)q−1p−1

A =

1 2
3 4
1 1

 ⇒ τ =
9

400

q − 1

p − 1

B =

(
ε 1
1 ε

)
⇒ τ =

(1− ε
1 + ε

)2 q − 1

p − 1
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Generalization: Composition of p-norms

A,B ∈ Rn×n
++ , 1 < s ≤ θ ≤ p <∞, 2 ≤ q, r <∞

‖A‖ = max
x+y 6=0

‖Ax + Ay‖p
‖(‖x‖r , ‖y‖s)‖2

⇒ τ = κ(A)2(p − 1)

‖[A,B]‖ = max
(x ,y)6=0

‖Ax‖θp + ‖By‖θq
‖x‖θr + ‖y‖θs

⇒ τ = κ([A,B])2
p + q − θ − 1

s − 1

‖B‖ = max
‖x‖r=1

‖A |Bx |p‖q ⇒ τ = κ(B)2
pq − 1

r − 1
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Multilinear Birkhoff theorem
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Symmetric positive tensors

T ∈ Rn×n×n
++

T (x , y , z) =
n∑

i ,j ,k=1

Tijkxiyjzk

T super-symmetric ⇔ Tijk = Tikj = Tjik = Tjki = Tkij = Tkji ∀i , j , k
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Multilinear Birkhoff-Hopf

T ∈ Rn×n×n
++ super-symmetric,

∇xT (·, y , z)i =
∑n

j ,k=1 Tijkyjzk , ∇2
x ,yT (·, ·, z)i ,j =

∑n
k=1 Tijkzk

Theorem [G., Tudisco]

dH
(
∇xT (·, y , z),∇xT (·, y ′, z ′)

)
≤ κ(T )

(
dH(y , y ′) + dH(z , z ′)

)
with

κ(T ) = tanh
(
1
4 ln(∆(T ))

)
, ∆(T ) = sup

z�0
max
i ,j ,k,l

∇2
x ,yT (·, ·, z)i ,j ∇2

x ,yT (·, ·, z)k,`

∇2
x ,yT (·, ·, z)i ,`∇2

x ,yT (·, ·, z)k,j
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Application: Tensor singular values

Lemma

1 < Tijk < 3, ∀i , j , k ⇒ κ(T ) <
1

2


∇xT (·, y , z) = λ1 x

α

∇yT (x , ·, z) = λ2 y
α

∇zT (x , y , ·) = λ3 z
α

x , y , z � 0

|α| ≤ 1 ⇒ strict contraction

µ((x , y , z), (x ′, y ′, z ′)) = dH(x , x ′) + dH(y , y ′) + dH(z , z ′)
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Application: ‖T‖2,2,2 (NP-hard)

T ∈ Rn×n×n, T (x , y , z) =
∑n

i ,j ,k=1 Tijkxiyjzk

‖T‖2,2,2 = max
x ,y ,z 6=0

T (x , y , z)

‖x‖2‖y‖2‖z‖2
(?)


∇xT (·, y , z) = λ1x

∇yT (x , ·, z) = λ2y

∇zT (x , y , ·) = λ3z

x , y , z � 0

Corollary [G., Tudisco (2019)]

1 < Tijk < 3, ∀i , j , k ⇒ (?) computable with linear convergence rate
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Application: Discrete generalized Schrödinger equation

T ∈ Rn×n×n, T (x , y , z) =
∑n

i ,j ,k=1 Tijkxiyjzk


∇xT (·, y , z) = λ1 x

−1

∇yT (x , ·, z) = λ2 y
−1

∇zT (x , y , ·) = λ3 z
−1

x , y , z � 0 (?)

Corollary [G., Tudisco (2019)]

1 < Tijk < 3, ∀i , j , k ⇒ (?) computable with linear convergence rate
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Tightness

M ∈ R2×2
++ , T ∈ R2×2×2

++ , 0 < ε < 1, α ≥ 0

Mij =

{
1 if i = j

ε otherwise
Tijk =

{
1 if i = j = k

ε otherwise
∀i , j , k = 1, 2

Lemma

(Mu)α = λu u � 0

κ(M)|α| ≤ 1 ⇔ unique solution ⇔ convergence of power method

(
∇xT (·, v , v)

)α
= λv v � 0

2κ(T )|α| ≤ 1 ⇔ unique solution ⇔ convergence of power method
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Thank you

https://ftudisco.github.io/siam-nonlinear-pf-tutorial/


