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Oskar Perron Georg Frobenius
1880-1975 1849-1917

The Perron-Frobenius theory is both useful and elegant. It is a testament to
the fact that beautiful mathematics eventually tends to be useful, and useful
mathematics eventually tends to be beautiful.

C. D. Meyer



| Perron-Frobenius theory

Linear
[Perron, Frobenius (1908)]

Homogeneous
[Birkhoff, Samelson (1957)]

[Friedland, Gaubert, Han (2013)]

Multilinear
[Lim (2005)]

Multihomogeneous

[G., Tudisco, Hein (2019)]




| Operator norms
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| Graph matching

[Nguyen, G., Hein (2015)]
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| Graph matching spectral relaxation

il y

[Nguyen, G., Hein (2015)]
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|Hypergraph matching spectral relaxation

il y

[Nguyen, G., Hein (2015)]

[Duchenne et al. (2011)]
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|Hypergraph matching spectral relaxation

Al

Linear approach

Tensor approach

[Nguyen, G., Hein (2015)]



Linear Perron-Frobenius theorem

_ [Mx|l2
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| Nonnegative vectors and component-wise operations

R = {xeR": x,...,x, >0}
R, = {xeR":x,...,x,>0}
xXzy < x>y Vi
X >y & Xi > Vi Vi
XZy & xxy, x#y

X = g, ... X9 VOeR, x>0
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| Nonnegative matrices

M e RT*"
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|Irreducible and primitive matrices

M e R*"

M is irreducible if

> k=0 M*x =0 Vx zZ 0
M is primitive if
Jk>0 st. Mkx=0 V¥xz0
primitive = irreducible
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|Linear Perron-Frobenius theorem

M e R*"
Mx = Ax, x =0, x| =1 (%)
Theorem [Perron, Frobenius (1908)]

M irreducible = Exists unique solution (u, A) to (x),

u>0 and A= p(M)
M primitive = Vx(® =0, x(k) = pMx(k=1)

(k)

k—)oo ||X ||
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| Examples

not irreducible
no positive eigenvector

not primitive
no convergence of x(k)

primitive
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| Application: ||M||22

M e RT*"
1V

e Ml
S T P

Corollary

MT M irreducible = Exists unique u = 0 s.t.

IMull2 = [[M]]2,2, lul2 =1

MTM “primitive” = ¥x(® =0,

(k)

k550 Xl

= u, xK) = MT pmx (k=1



| Proof sketch: ||[M||22, M € RT*"

3 global maximizer u = 0

M M
Mlon = max Mz IV
70 lxl 570 [[Ix[l2
critical point = eigenvector
il M 2
||UH2 ||UH2

Apply linear Perron-Frobenius theorem
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| Proof sketch: [|M||,,, M € RT*"

3 global maximizer u = 0

M
< 1ML
2 T,

M.
Mlpp = max 1Mo
x#0 x|l

critical point = eigenvector

1 M 721
VHMUHp -0 PN (MT(MU)p_l)p_l _ (H UHP)p T
lullp lull,

Apply homogeneous Perron-Frobenius theorem
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Homogeneous Perron-Frobenius theorem

[Mx[lq
<20 ||l

Mg =
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|Homogeneous and order-preserving mappings

f: R} — R’ differentiable

f O-homogeneous < f(ax) = a’f(x)

& Df(x)x =0f(x)

f order-preserving < f(y) = f(x)

& Df(x) eRT"

Example: f(x) = Mx with M € R}*"

Va>0,x>0

Vx =0

Vy = x

Vx =0
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|Hilbert projective metric

du(x,y) = max |n<xi yj) Vx,y =0
i Yi Xj

({x = 0| ||x|]| =1}, dy) complete metric space
f(x) = Ax & du(f(x),x) =0

Lemma [Birkhoff, Samelson (1957)]
f: R}, — R}, 6-homogeneous and order-preserving

du(f(x),f(y)) < 0Odulxy)  VYxy>-0
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| Spectral radius

f: R} — R, #-homogeneous

f(x) = Ax & flax) =’ hax, VYa >0
i e R — R7, 1-homogeneous, continuous
, IF* O\ L/
p(f) = lim <sup )
k=00 xZ0 HX”
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|Homogeneous Perron-Frobenius theorem |

f: R} — R, continuous, 1-homogeneous, order-preserving

Theorem [Nussbaum, Eveson, Lemmens, ... (1988)]
k=0 fk(x) = 0, V¥xz0,

= Ju>=0 st f(u)=p(f)u and p(f)=max{A: X eigenvalue}

D =g Df(u)kx -0, Vxz0

. . . . n
= u is unique eigenvector in R’} ,
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|Irreducible tensors

T e RIX™" f: RN — RA

Nl=

by = ( i T,-jk><jxk) Vx =0

Jik=1

Lemma [Friedland, Gaubert, Han (2013)]

d ) =0, Vxz0 = > Df(u)*x =0,  ¥xz0
k=0 k=0
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| Homogeneous Perron-Frobenius theorem |l

f: R} — R, continuous, 1-homogeneous, order-preserving,

f(u) = Au, u >0, |lul| =1

Theorem [Nussbaum (1988)]
Df(u)kx =0, V¥x =0,

x(K)

koo [

u, vx(©) 0, x(K) = f(x(k_l))



| Application: ||M||,,

MeR™" 1< p<oo ol
Mx||

M
#0 ||l

p:p

Corollary [Boyd (1974)]
MT M irreducible = Exists unique u > 0 s.t.

IMullp = [[M|lp,p, lullp =1

MTM “primitive” =  Vx(® = 0,
x(k)

u,

_ () = (MT (Mx(k=Dyp=1) 51
kmroo x|, X0 = (M (M)
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|Homogeneous Perron-Frobenius theorem ||
f: R}, — R, 6-homogeneous, order-preserving
Theorem
0<f<1 = Exists unique u > 0 s.t.
f(u) = Au, Jull =1

and vx(© » 0, x(K) = f(x(k_l))

= u, dH(X(k)vu)

IN

[Bushell (1973)]

: dH(x(l),x(O))

26



| Application: ||M||, 4
MeRT" M'M(1,...,1)T =0

[Mxlq

M =
H ||P»q x£0 HXHP

Corollary

l<g<p<oo = Exists unique u > 0 s.t.
[Mullqg = [M][p.q; lullp =1

1

and vx(© =0, x( = (MT(Mx(k-D)p=1)a-T

=1l
' — K )< (P==
kllm FGI u, w(xV u) < (q —

) e

., Hein (2016)]
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Multihomogeneous Perron-Frobenius theorem
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| Tensor norm

M c Rlxn,

nxnxn
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/I _ 49
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| Critical points of tensor norm

= \xP1

MeRY",  TeRP™"  T(x,y,2) = Y7 k1 TiikXi¥izk
Mx|| /
H XHq 0 N MT(MX)q—l — P!
[P
M MTy = IxP~1
[x1lpllyllq Mx = Ay9
ViT(x,y,2)
-
\Y (x,v,2) 0 & V, T(x,y,z)

[P
Xl lallzl: V. T(x,y,2)

Ayd1

— )\erl
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| Eigenvector equation of tensor norm
MeRP"  TeRP™",  T(xy,z) =27 1 TikXi¥izk

[Mxlly _

X1l

ooMy) o [(MTy)RT = i
elloly T M) &

T(',y,Z)
IxI[pllyllqllz]l-

\Y =0 & VT( )1 = A\aly
_1
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| Multihomogeneous mappings

g=(g1.8): RLxRT R xR", © e R?>*?, o,3>0

gi(ax, By) = a®15%2 g(x, y)

g is ©-multihomogeneous <
&(ax, fy) = a1 392 g(x, y)

Example

1

X = T Yo1
gi(x,y)=(M y)l N e;(
o(x,y) = (Mx)a1 ]

=
o}

O\‘b—t
-

N—



| Multihomogeneous eigenvectors

g: Rl xR} — R} xR, ©-multihomogeneous,

(x,y) is eigenvector < x,y # 0 and I\, Ax > 0 s.t.

{ gl(va) - )‘IX
&(x,y) =Xy

gi(x,y) = A1 x gi(ax, By) = a®1718912); ax
&
&(x,y) =Xy g(ax, By) = a®239271), gy
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| Multihomogeneous eigenvalues

g: Rl xR} — R xR7, order-preserving, ©-multihomogeneous,

© irreducible =  3b=0 st Ob=p(©)b

gi(x,y) = A1 x gi(ax, By) = (a®1715912 ) ax
&
&(x,y) =Xy g (ax, By) = (a®259271),) gy

( )\1131 )\32 )p(@) _ (a@u—lﬁ@u)\l)tﬁ (a@216922—1)\2)b2
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| Multihomogeneous Hilbert metric

g: R, xR}, - R}, xR7,, ©-multihomogeneous, order-preserving

b>=0, ©b=p(©)b, |bll1=1

o ((x,¥), (x'sy")) = b1 du(x, x") + ba du(y, y')

Lemma [G., Hein, Tudisco (2019)]

b (8(x.y), 8(x,¥") < p(©) pb((x.y), (x.y))
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| Multihomogeneous spectral radius

g: Rl xR} — R} xR, ©-multihomogeneous, continuous, order-preserving

p(©)=1, b=0, Ob=b |bJ1=1

sup

1/k
pb(g) lim < gk (x, )b rgzk(x,y)r'v) /
(x.y)%0 || x| || y]| 22

k—o0

g (x.y) = (& (x.y), &(x,y))
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| Multihomogeneous Perron-Frobenius theorem |

g: Rl xR} — R} xR, ©-multihomogeneous, continuous, order-preserving
p(©)=1, b>=0, ©b=b, |[bll1=1

Theorem [G., Tudisco, Hein (2019)]
ZZ:ogk(X,y)>0,V(x7y);0, = I(u,v) =0 s.t.

g(u,v) = (A\u, \av), )\fl)\SQ = pp(g) = max{)\fl)\g2 . (A1, A2) eigenvalues}

Sr_oDg(u,v)¥(x,y) = 0,¥(x,y) 20 = (u,v) unique in R, x R7



| Multihomogeneous Perron-Frobenius theorem |l
g: Rl xR} — R} xR, ©-multihomogeneous, continuous, order-preserving
p(®@)=1, b>=0, ©b=b, |b|1=1
g(u,v) = (Mu, Aav),  (u,v) =0, Jull =]lv]|=1
Theorem [G., Hein, Tudisco (2019)]

Dg(u,v)¥(x,y) = 0, ¥(x,y) z 0,

X W
- o, (Hx(k)”’ |y(k)”) = (vv)

Y(x®,y@) =0, (x*), yl) = g(xk=D, y k1)
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| Multihomogeneous Perron-Frobenius theorem ||

g: R, xR}, — R}, xR}, ©-multihomogeneous, continuous,
order-preserving
b>0, ©b=p(@)b, [b]1=1

Theorem [G., Hein, Tudisco (2019)]
0<p(®) <1 = Exists unique (u, v) > 0 s.t.
g(u,v) = (Aru, Aav) lull = vl = 1.
and  V(x,y@) =0, (x(K,y0)) = g(x{k-1), y(k=D))

NORVO)
- — (k) (k) k
Jm (i) = @ ae(60y0), () < @)
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|Modelling: || T||5.q.-

TeRX™" 1< p,qr<oo

T(x,y,2) n
I Tllp,q, = max —— T(x,y,z) = TiikXiyiZk
P = D Tl el 2 T
1
VXT(X,_)/, )Tl — >\1X
e =0 & V, T(x,y )% = oy
Ix[pllyllgllzIl- yoome 1
VZT(X7_)/7 = )\32
1 1
) R A
©=laz 0 =
11

7
5
-
)
5
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| Application: || T||p.q.-

TeRX™" 1< p,qr<oo

T(x,y,2) L
1T llp.q. i e SO U2 B TijkxiYjZk
par = o Tlally lallzll 2 T
© = (117 — /) diag (327, o41, 721)
Corollary [G., Hein, Tudisco (2019)]

p(©)=1and DV T(x,y,z) € R$+n+n)x(n+n+n) primitive, V(x, y,z) = 0
= compute unique positive global maximizer

p(©)<land VT(1,...,1) >0
= compute unique positive global maximizer



| General case

A, x® . m)y = <@

f- x(l),x(Z),...,x(m) = M x(?
2 ) _ ? = © € R™™

frn(x(M, x@) L x(m)) = ), x(m)

T(xM, ..., x(m)
| T”P17~--,Pm = max (1) (m)
X(l)v'"vx(m)#() HX HPI o ||X ||Pm

General cones: Polyhedral, Lorentz, PSD matrices, R*™"
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Thank you

https://ftudisco.github.io/siam-nonlinear-pf-tutorial /
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